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Degree-Based Topological Indices of the Benzenoid 
Circumcoronene Series 

Abstract:

This paper deals with some types of topological indices called valency-
based indices or degree-Based Indices. Specifically, Multiplicative Forgotten, 
Multiplicative Yemen, modified Forgotten, modified Yemen, generalized 
modified first Zagreb, generalized modified sum connectivity, and generalized 
modified product connectivity indices of the benzenoid circumcoronene 
series are computed. Moreover, the formulas of polynomials for all these 
topological indices were derived.   

Keywords: Topological Indices, Multiplicative Indices, Modified Indices, 
Molecular Graph; Benzenoid Circumcoronene Series.  
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المؤشرات الطوبولوجية المعتمدة على الدرجة لسلسلة بنزينويد 
سيركومكورونين

الملخص:
يتناول هذا البحث بعض أنواع المؤشرات الطوبولوجية التي تسمى المؤشرات المعتمدة على التكافؤ 
أو المؤشرات المعتمدة على الدرجة. على وجه التحديد، تم حساب المؤشر المنسي المضاعف، والمؤشر 
اليمني المضاعف، والمؤشــر المنســي المعدل، والمؤشــر اليمني المعدل، ومؤشــر زغــرب المعدل المعمم 
الأول، ومؤشــر اتصال المجموع المعدل العام، ومؤشر اتصال المنتج المعدل العام لسلسلة البنزينويد 
سيركومكــورونين. علاوة علــى ذلــك، تم اشــتقاق صيغ كثيرات الحــدود لجميع هذه المؤشــرات 

الطوبولوجية. 
الكلمات المفتاحية: المؤشرات الطوبولوجية؛ المؤشرات المضاعفة، المؤشرات المعدلة، الرسم 

البياني الجزيئي، سلسلة بنزينويد سيركومكورونين.
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1. Introduction 

A graph can be recognized by a numeric number, a polynomial, a sequence 
of numbers or a matrix which represent the whole graph, and these 
representations are aimed to be uniquely defined for that graph. Topological 
index is a numeric quantity with a graph which characterizes the topology 
of the graph and is invariant under graph automorphism [19]. All graphs in 
this paper are finite and simple, let G be a finite simple graph on V(G)=n, 
vertices and E(G)=m, edges, the degree of a vertex v is the number of edges 
incident to v, denoted by δG (v) [13]. 

A new subject that is a combination of chemistry, information sciences, and 
mathematics. Topological indices are real numbers related to a graph, that 
must be a structural invariant. Topological indices play an important role in 
mathematical chemistry, especially QSAR/QSPR investigations [1, 2, 6, 8]. In 
practical applications, Multiplicative and Modified indices are among the best 
topological indices applications to recognize physical properties, chemical 
reactions, and biological activities. Throughout this paper, we consider a finite 
connected graph Γ that has no loops or multiple edges. The vertex and the 
edge sets of a graph Γ are denoted by V(Γ) and E(Γ), respectively. The degree 
of the vertex a is the number of edges joined with this vertex denoted by δ(a). 
In practical applications, Zagreb Indices are among the best applications to 
recognize the physical properties and chemical reactions. First Zagreb index 
M1 (G), and Second Zagreb index M2 (Γ) were first considered by I. Gutman 
and N. Trinajestić in 1972 [10, 19, 20, 21]. They are defined as: 

These Indices were deduced within the study of the dependence of total 
π-electron energy on molecular structures and are measures of branching of 
the molecular carbon-atom skeleton. Furtula and Gutman (2015) introduced 
the forgotten index (F-index) [11, 14, 15] which is defined as:

Furtula and Gutman raised that the predictive ability of the forgotten index 
is almost similar to that of the first Zagreb index and for the acentric factor 
and entropy, and both of them obtain correlation coefficients larger than 
0.95. This fact implies the reason why the forgotten index is useful for testing 

𝑀𝑀1(Γ) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ)

(𝛿𝛿Γ(𝜇𝜇) +  𝛿𝛿Γ(𝜈𝜈)),        𝑀𝑀2(Γ) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ)

𝛿𝛿Γ(𝜇𝜇) 𝛿𝛿Γ(𝜈𝜈). 

𝐹𝐹(Γ) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ)

(𝛿𝛿Γ
2(𝜇𝜇)  + 𝛿𝛿Γ

2(𝜈𝜈)). 
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the chemical and pharmacological properties of drug molecular structures 
and reported that this index can reinforce the physicochemical flexibility of 
Zagreb indices [12, 13, 16].

In 2013, Shirdel et al. [18, 24] introduced degree-based of Zagreb indices 
named the Hyper-Zagreb index: 

In 2016, Gao et al. [25, 28] defined a new degree-based of Zagreb indices 
named the second Hyper-Zagreb index as:

In 2018, S. Ghobadi and M. Ghorbaninejad [17] introduced a new Zagreb 
index named Hyper Forgotten topological index:

Benzenoid series is a family of molecular graphs, which are generalizations 
of benzene molecule C_6. We can see the first three members of benzenoid 
series in Fig. 1 (H1= Benzene, H2= circumcoronene, H3= circumcoronene). 
In general, the benzenoid series are shown in Fig. 2. The benzene molecule 
is a usual molecule in chemistry, physics, and nanosciences. This molecule is 
very useful to synthesize aromatic compounds [5, 7, 9, 22, 23].

Alameri et al. [2, 4, 3] (2020) defined new degree-based descriptors, denoted 
by the Yemen-index or (Y-index), defined as: 

Let (f=Hk    :k≥1) be the Benzenoid Circumcoronene series (Fig. 2), then [26]

𝐻𝐻𝐻𝐻(Γ) = ∑𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ) (𝛿𝛿Γ(𝜇𝜇) +  𝛿𝛿Γ(𝜈𝜈))2. 

𝐻𝐻𝑀𝑀2(Γ) = ∑𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ) 𝛿𝛿Γ
2(𝜇𝜇) 𝛿𝛿Γ

2(𝜈𝜈). 

 𝑌𝑌(Γ) = ∑𝜇𝜇∈𝑉𝑉(Γ) 𝛿𝛿Γ
4(𝜇𝜇)  =  ∑𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ) [𝛿𝛿Γ

3(𝜇𝜇)  + 𝛿𝛿Γ
3(𝜈𝜈)]. 

𝐻𝐻𝐻𝐻(Γ) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ)

[𝛿𝛿Γ
2(𝜇𝜇)  + 𝛿𝛿Γ

2(𝜈𝜈)]2. 

     𝑀𝑀1(Ϝ) = 54𝑘𝑘2 − 30𝑘𝑘,     𝑚𝑚𝑀𝑀1(Ϝ) = 2
3 𝑘𝑘2 + 5

36 𝑘𝑘,             (1) 

     𝑀𝑀2(Ϝ) = 81𝑘𝑘2 − 63𝑘𝑘 + 6,     𝑚𝑚𝑀𝑀2(Ϝ) = 𝑘𝑘2 + 1
3 𝑘𝑘 + 1

6,             (2) 

 𝐹𝐹(𝐻𝐻𝑘𝑘) = 162𝑘𝑘2â€“114𝑘𝑘.                                                    (3) 
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Figure 1: The edge partition of the Benzenoid Circumcoronene series Hk

The benzenoid circumcoronene series is a family of polycyclic aromatic 
hydrocarbons (PAHs) that are derived from circumcoronene by removing one 
or more adjacent benzene rings. Circumcoronene is a large PAH composed 
of twelve benzene rings fused together in a hexagonal pattern. The 
benzenoid circumcoronene series includes several important PAHs, including 
coronene (with six benzene rings), ovalene (with seven benzene rings), and 
circumovalene (with eight benzene rings). These compounds are of interest 
in various fields of chemistry and materials science due to their unique 
electronic and optical properties, as well as their potential applications in 
organic electronics, solar cells, and other optoelectronic devices. 

In particular, circumcoronene and its derivatives have been studied for their 
ability to form self-assembled monolayers on various surfaces, which can 
be used for the development of molecular electronic devices. The benzenoid 
circumcoronene series is also of interest from a theoretical perspective, as it 
provides a useful framework for studying the relationship between molecular 
structure and electronic properties. Various topological indices and other 
mathematical descriptors have been developed to characterize the structure 
and properties of these compounds, and these have been used to develop 
predictive models for their electronic and optical behavior [26- 33].

2. Computational Results

In this section, we will provide definitions for new topological indices, which 
are the basis for deriving the mathematical formulas in this paper through 
the theorems in the same section. These formulas attract researchers and 
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those interested to compare the indices and choose the most appropriate 
from an applied perspective. In more precise words, choosing topological 
indices that have a strong relationship (strong correlation coefficient) with 
the physical and chemical properties of some chemical compounds such as 
Benzenoid Circumcoronene Series.

Definition 2.1 The Multiplicative (Y-index) of a graph Γ is denoted by (PY), 
and defined as:

Definition 2.2 The modified (Y-index) and modified (Y-coindex) of a graph Γ 
are denoted by (mY), ( m¯Y) and defined as:

Definition 2.3 The generalized modified first Zagreb index of a graph Γ is 
defined as:

Definition 2.4 The generalized modified sum connectivity index of a graph Γ 
is defined as:

Definition 2.5 The generalized modified product connectivity index of a 
graph Γ is defined as:

Definition 2.6 The modified (Y-polynomail) of a graph Γ is defined as:

Theorem 2.1 Suppose that f=Hk is the circumcoronene series of Benzenoid 
(See Fig. 2), then,

𝑃𝑃𝑃𝑃(Γ) =  ∏𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ) [𝛿𝛿Γ
3(𝜇𝜇)  + 𝛿𝛿Γ

3(𝜈𝜈)] =  ∏𝜇𝜇∈𝑉𝑉(Γ) 𝛿𝛿Γ
4(𝜇𝜇). 

 𝑚𝑚𝑌𝑌(Γ) =  ∑𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ)
1

𝛿𝛿Γ
3(𝜇𝜇) + 𝛿𝛿Γ

3(𝜇𝜇) =  ∑𝜇𝜇∈𝑉𝑉(Γ)
1

𝛿𝛿Γ
4(𝜇𝜇). 

 𝑚𝑚𝑀𝑀1
𝛼𝛼+1(Γ) =  ∑𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ)

1
𝛿𝛿𝛼𝛼(𝜇𝜇) + 𝛿𝛿𝛼𝛼(𝜇𝜇) =  ∑𝜇𝜇∈𝑉𝑉(Γ)

1
𝛿𝛿𝛼𝛼+1(𝜇𝜇). 

 𝑚𝑚𝑆𝑆𝑀𝑀1
𝛼𝛼(Γ) =  ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ)

1
[𝛿𝛿(𝜇𝜇)  +  𝛿𝛿(𝜈𝜈)]𝛼𝛼. 

 𝑚𝑚𝑌𝑌(Γ, 𝑥𝑥) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ)

𝑥𝑥
1

𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇). 

 𝑚𝑚𝑀𝑀2
𝛼𝛼(Γ) =  ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Γ)

1
[𝛿𝛿(𝜇𝜇)  ⋅  𝛿𝛿(𝜈𝜈)]𝛼𝛼. 

 

 (𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ) = 166 × 3512(𝑘𝑘−1) × 54(9𝑘𝑘2−15𝑘𝑘+6), 
  (𝑖𝑖𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ) = 86 × 1312(𝑘𝑘−1) × 18(9𝑘𝑘2−15𝑘𝑘+6),  
 (𝑖𝑖𝑖𝑖𝑖𝑖)    𝑃𝑃(Ϝ) = 486𝑘𝑘2 − 390𝑘𝑘,  

 (𝑖𝑖𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ) = 1
6 𝑘𝑘2 + 41

630 𝑘𝑘 + 361
2520,  

  (𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ) = 1
2 𝑘𝑘2 + 7

78 𝑘𝑘 + 25
156, 

 (𝑖𝑖𝑖𝑖)    𝑚𝑚𝑀𝑀1
𝛼𝛼+1(Ϝ) = 3

2𝛼𝛼 + 12
2𝛼𝛼+3𝛼𝛼 (𝑘𝑘 − 1) + 1

2×3𝛼𝛼 (9𝑘𝑘2 − 15𝑘𝑘 + 6),  

 (𝑖𝑖𝑖𝑖𝑖𝑖)    𝑚𝑚𝑆𝑆𝑀𝑀1
𝛼𝛼(Ϝ) = 6

4𝛼𝛼 + 12
5𝛼𝛼 (𝑘𝑘 − 1) + 1

6𝛼𝛼 (9𝑘𝑘2 − 15𝑘𝑘 + 6), 

(𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖)    𝑚𝑚𝑀𝑀2
𝛼𝛼(Ϝ) = 6

4𝛼𝛼 + 12
6𝛼𝛼 (𝑘𝑘 − 1) + 1

9𝛼𝛼 (9𝑘𝑘2 − 15𝑘𝑘 + 6).  
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Proof.  The vertex and edge sets of f=Hk are divided into two vertex partitions 
and three edges partitions based on the degree of the end vertices, 
respectively, shown as:

The partitions of the vertex set and edge set V(f) & E(f) are given in 
(Tables 1,2)

Table 1: The vertex partitions of circumcoronene series of Benzenoid Hk

Vertex partition V2  V3 

Cardinality  6k  6k(k-1) 

Table 2: The edge partitions of circumcoronene series of Benzenoid Hk

  Edge partition E4=E4
*  E5=E6

*  E6=E9
* 

Cardinality  6  12(k-1) 9.k2-15k+6 

 

 (𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ) = 166 × 3512(𝑘𝑘−1) × 54(9𝑘𝑘2−15𝑘𝑘+6), 
  (𝑖𝑖𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ) = 86 × 1312(𝑘𝑘−1) × 18(9𝑘𝑘2−15𝑘𝑘+6),  
 (𝑖𝑖𝑖𝑖𝑖𝑖)    𝑃𝑃(Ϝ) = 486𝑘𝑘2 − 390𝑘𝑘,  

 (𝑖𝑖𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ) = 1
6 𝑘𝑘2 + 41

630 𝑘𝑘 + 361
2520,  

  (𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ) = 1
2 𝑘𝑘2 + 7

78 𝑘𝑘 + 25
156, 

 (𝑖𝑖𝑖𝑖)    𝑚𝑚𝑀𝑀1
𝛼𝛼+1(Ϝ) = 3

2𝛼𝛼 + 12
2𝛼𝛼+3𝛼𝛼 (𝑘𝑘 − 1) + 1

2×3𝛼𝛼 (9𝑘𝑘2 − 15𝑘𝑘 + 6),  

 (𝑖𝑖𝑖𝑖𝑖𝑖)    𝑚𝑚𝑆𝑆𝑀𝑀1
𝛼𝛼(Ϝ) = 6

4𝛼𝛼 + 12
5𝛼𝛼 (𝑘𝑘 − 1) + 1

6𝛼𝛼 (9𝑘𝑘2 − 15𝑘𝑘 + 6), 

(𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖)    𝑚𝑚𝑀𝑀2
𝛼𝛼(Ϝ) = 6

4𝛼𝛼 + 12
6𝛼𝛼 (𝑘𝑘 − 1) + 1

9𝛼𝛼 (9𝑘𝑘2 − 15𝑘𝑘 + 6).  

𝑉𝑉1(Ϝ) = {𝜇𝜇 ∈ 𝑉𝑉(Ϝ): 𝛿𝛿(𝜇𝜇) = 2}, 𝑉𝑉2(Ϝ) = {𝜈𝜈 ∈ 𝑉𝑉(Ϝ): 𝛿𝛿(𝜈𝜈) = 3},  
 𝐸𝐸4(Ϝ) = 𝐸𝐸4

∗ = {𝑒𝑒 = 𝜇𝜇𝜈𝜈 ∈ 𝐸𝐸(Ϝ): 𝛿𝛿(𝜇𝜇) = 𝛿𝛿(𝜈𝜈) = 2, 𝛿𝛿3(𝜇𝜇) + 𝛿𝛿3(𝜈𝜈) = 16},     𝐸𝐸5(Ϝ) = 𝐸𝐸6
∗ =

{𝑒𝑒 = 𝜇𝜇𝜈𝜈 ∈ 𝐸𝐸(Ϝ): 𝛿𝛿(𝜇𝜇) = 2, 𝛿𝛿(𝜈𝜈) = 3, 𝛿𝛿3(𝜇𝜇) + 𝛿𝛿3(𝜈𝜈) = 35},     𝐸𝐸6(Ϝ) = 𝐸𝐸9
∗ = {𝑒𝑒 = 𝜇𝜇𝜈𝜈 ∈

𝐸𝐸(Ϝ): 𝛿𝛿(𝜇𝜇) = 𝛿𝛿(𝜈𝜈) = 3, 𝛿𝛿3(𝜇𝜇) + 𝛿𝛿3(𝜈𝜈) = 54}.   
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Figure 2: Generalized Benzenoid Circumcoronene series

Then, by the concept of the Multiplicative (Y-index), Multiplicative F-index, 
Y-index, the modified (Y-index), modified (F-index), the generalized modified 
first Zagreb index, the generalized modified sum connectivity index, and the 
generalized modified product connectivity index we have 

  

(𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ) = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

[𝛿𝛿Ϝ
3(𝜇𝜇) + 𝛿𝛿Ϝ

3(𝜈𝜈)]

= ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
[𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈)] × ∏

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

[𝛿𝛿Ϝ
3(𝜇𝜇) + 𝛿𝛿Ϝ

3(𝜈𝜈)] 

 × ∏𝜇𝜇𝜇𝜇∈𝐸𝐸9
∗(Ϝ) [𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈)] = 16|𝐸𝐸4∗(Ϝ)| × 35|𝐸𝐸6

∗(Ϝ)| × 54|𝐸𝐸9
∗(Ϝ)| .    ◻ 

 

(𝑖𝑖𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ) = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

[𝛿𝛿Ϝ
2(𝜇𝜇) + 𝛿𝛿Ϝ

2(𝜈𝜈)]

= ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
[𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈)] × ∏

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

[𝛿𝛿Ϝ
2(𝜇𝜇) + 𝛿𝛿Ϝ

2(𝜈𝜈)] 

 × ∏𝜇𝜇𝜇𝜇∈𝐸𝐸9
∗(Ϝ) [𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈)] = 8|𝐸𝐸4∗(Ϝ)| × 13|𝐸𝐸6

∗(Ϝ)| × 18|𝐸𝐸9
∗(Ϝ)| .    ◻ 

 

(𝑖𝑖𝑖𝑖𝑖𝑖)    𝑃𝑃(Ϝ) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

[𝛿𝛿Ϝ
3(𝜇𝜇) + 𝛿𝛿Ϝ

3(𝜈𝜈)]

= ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
[𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈)] + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

[𝛿𝛿Ϝ
3(𝜇𝜇) + 𝛿𝛿Ϝ

3(𝜈𝜈)] 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
[𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈)] = 16|𝐸𝐸4

∗(Ϝ)| + 35|𝐸𝐸6
∗(Ϝ)| + 54|𝐸𝐸9

∗(Ϝ)| 

= 96 + 420(𝑘𝑘 − 1) + 54(9𝑘𝑘2 − 15𝑘𝑘 + 6) .    ◻ 

 

(𝑖𝑖𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

1
𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

1
𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈) + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

1
𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)

1
𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈) = 1

16 |𝐸𝐸4
∗(Ϝ)| + 1

35 |𝐸𝐸6
∗(Ϝ)| + 1

54 |𝐸𝐸9
∗(Ϝ)| 

= 6
16 + 12

35 (𝑘𝑘 − 1) + 1
54 (9𝑘𝑘2 − 15𝑘𝑘 + 6). 

 

(𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

1
𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

1
𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈) + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

1
𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)

1
𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈) = 1

8 |𝐸𝐸4
∗(Ϝ)| + 1

13 |𝐸𝐸6
∗(Ϝ)| + 1

18 |𝐸𝐸9
∗(Ϝ)| 

= 6
8 + 12

13 (𝑘𝑘 − 1) + 1
18 (9𝑘𝑘2 − 15𝑘𝑘 + 6). 
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(𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ) = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

[𝛿𝛿Ϝ
3(𝜇𝜇) + 𝛿𝛿Ϝ

3(𝜈𝜈)]

= ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
[𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈)] × ∏

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

[𝛿𝛿Ϝ
3(𝜇𝜇) + 𝛿𝛿Ϝ

3(𝜈𝜈)] 

 × ∏𝜇𝜇𝜇𝜇∈𝐸𝐸9
∗(Ϝ) [𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈)] = 16|𝐸𝐸4∗(Ϝ)| × 35|𝐸𝐸6

∗(Ϝ)| × 54|𝐸𝐸9
∗(Ϝ)| .    ◻ 

 

(𝑖𝑖𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ) = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

[𝛿𝛿Ϝ
2(𝜇𝜇) + 𝛿𝛿Ϝ

2(𝜈𝜈)]

= ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
[𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈)] × ∏

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

[𝛿𝛿Ϝ
2(𝜇𝜇) + 𝛿𝛿Ϝ

2(𝜈𝜈)] 

 × ∏𝜇𝜇𝜇𝜇∈𝐸𝐸9
∗(Ϝ) [𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈)] = 8|𝐸𝐸4∗(Ϝ)| × 13|𝐸𝐸6

∗(Ϝ)| × 18|𝐸𝐸9
∗(Ϝ)| .    ◻ 

 

(𝑖𝑖𝑖𝑖𝑖𝑖)    𝑃𝑃(Ϝ) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

[𝛿𝛿Ϝ
3(𝜇𝜇) + 𝛿𝛿Ϝ

3(𝜈𝜈)]

= ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
[𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈)] + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

[𝛿𝛿Ϝ
3(𝜇𝜇) + 𝛿𝛿Ϝ

3(𝜈𝜈)] 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
[𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈)] = 16|𝐸𝐸4

∗(Ϝ)| + 35|𝐸𝐸6
∗(Ϝ)| + 54|𝐸𝐸9

∗(Ϝ)| 

= 96 + 420(𝑘𝑘 − 1) + 54(9𝑘𝑘2 − 15𝑘𝑘 + 6) .    ◻ 

 

(𝑖𝑖𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

1
𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

1
𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈) + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

1
𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)

1
𝛿𝛿Ϝ

3(𝜇𝜇) + 𝛿𝛿Ϝ
3(𝜈𝜈) = 1

16 |𝐸𝐸4
∗(Ϝ)| + 1

35 |𝐸𝐸6
∗(Ϝ)| + 1

54 |𝐸𝐸9
∗(Ϝ)| 

= 6
16 + 12

35 (𝑘𝑘 − 1) + 1
54 (9𝑘𝑘2 − 15𝑘𝑘 + 6). 

 

(𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

1
𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

1
𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈) + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

1
𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)

1
𝛿𝛿Ϝ

2(𝜇𝜇) + 𝛿𝛿Ϝ
2(𝜈𝜈) = 1

8 |𝐸𝐸4
∗(Ϝ)| + 1

13 |𝐸𝐸6
∗(Ϝ)| + 1

18 |𝐸𝐸9
∗(Ϝ)| 

= 6
8 + 12

13 (𝑘𝑘 − 1) + 1
18 (9𝑘𝑘2 − 15𝑘𝑘 + 6). 

  
 

(𝑣𝑣𝑣𝑣)    𝑚𝑚𝑀𝑀1
𝛼𝛼+1(Ϝ) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

1
𝛿𝛿𝛼𝛼(𝜇𝜇) + 𝛿𝛿𝛼𝛼(𝜈𝜈) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

1
𝛿𝛿𝛼𝛼(𝜇𝜇) + 𝛿𝛿𝛼𝛼(𝜈𝜈) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)

1
𝛿𝛿𝛼𝛼(𝜇𝜇) + 𝛿𝛿𝛼𝛼(𝜈𝜈) + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸9
∗(Ϝ)

1
𝛿𝛿𝛼𝛼(𝜇𝜇) + 𝛿𝛿𝛼𝛼(𝜈𝜈) 

= 1
2𝛼𝛼 + 2𝛼𝛼 |𝐸𝐸4

∗(Ϝ)| + 1
2𝛼𝛼 + 3𝛼𝛼 |𝐸𝐸6

∗(Ϝ)| + 1
3𝛼𝛼 + 3𝛼𝛼 |𝐸𝐸9

∗(Ϝ)|. 

 

(𝑣𝑣𝑣𝑣𝑣𝑣)    𝑚𝑚𝑆𝑆𝑀𝑀1
𝛼𝛼(Ϝ) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

1
[𝛿𝛿(𝜇𝜇) + 𝛿𝛿(𝜈𝜈)]𝛼𝛼 = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) + 𝛿𝛿(𝜈𝜈)]𝛼𝛼 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) + 𝛿𝛿(𝜈𝜈)]𝛼𝛼 + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸9
∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) + 𝛿𝛿(𝜈𝜈)]𝛼𝛼 

= 1
[2 + 2]𝛼𝛼 |𝐸𝐸4

∗(Ϝ)| + 1
[2 + 3]𝛼𝛼 |𝐸𝐸6

∗(Ϝ)| + 1
[3 + 3]𝛼𝛼 |𝐸𝐸9

∗(Ϝ)|. 

 

(𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣)    𝑚𝑚𝑀𝑀2
𝛼𝛼(Ϝ) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

1
[𝛿𝛿(𝜇𝜇) ⋅ 𝛿𝛿(𝜈𝜈)]𝛼𝛼 = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) ⋅ 𝛿𝛿(𝜈𝜈)]𝛼𝛼 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) ⋅ 𝛿𝛿(𝜈𝜈)]𝛼𝛼 + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸9
∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) ⋅ 𝛿𝛿(𝜈𝜈)]𝛼𝛼 

= 1
[2 ⋅ 2]𝛼𝛼 |𝐸𝐸4

∗(Ϝ)| + 1
[2 ⋅ 3]𝛼𝛼 |𝐸𝐸6

∗(Ϝ)| + 1
[3 ⋅ 3]𝛼𝛼 |𝐸𝐸9

∗(Ϝ)| .    ◻ 
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Corollary 2.1 Suppose that Sr is the nth level in chain of Benzenoid System. 
Then the multiplicative polynomials of Sr for the indices mentioned in 
(Theorem 3.3) are given as follows:

Proof.  By the concept of the PY-polynomial, F-polynomial, PF-polynomial, 
Y-polynomial, the modified Y-polynomial, modified F-polynomial, the 
generalized modified first Zagreb polynomial, the generalized modified sum 
connectivity polynomial, and the generalized modified product connectivity 
polynomial, we have

 

(𝑣𝑣𝑣𝑣)    𝑚𝑚𝑀𝑀1
𝛼𝛼+1(Ϝ) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

1
𝛿𝛿𝛼𝛼(𝜇𝜇) + 𝛿𝛿𝛼𝛼(𝜈𝜈) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

1
𝛿𝛿𝛼𝛼(𝜇𝜇) + 𝛿𝛿𝛼𝛼(𝜈𝜈) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)

1
𝛿𝛿𝛼𝛼(𝜇𝜇) + 𝛿𝛿𝛼𝛼(𝜈𝜈) + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸9
∗(Ϝ)

1
𝛿𝛿𝛼𝛼(𝜇𝜇) + 𝛿𝛿𝛼𝛼(𝜈𝜈) 

= 1
2𝛼𝛼 + 2𝛼𝛼 |𝐸𝐸4

∗(Ϝ)| + 1
2𝛼𝛼 + 3𝛼𝛼 |𝐸𝐸6

∗(Ϝ)| + 1
3𝛼𝛼 + 3𝛼𝛼 |𝐸𝐸9

∗(Ϝ)|. 

 

(𝑣𝑣𝑣𝑣𝑣𝑣)    𝑚𝑚𝑆𝑆𝑀𝑀1
𝛼𝛼(Ϝ) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

1
[𝛿𝛿(𝜇𝜇) + 𝛿𝛿(𝜈𝜈)]𝛼𝛼 = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) + 𝛿𝛿(𝜈𝜈)]𝛼𝛼 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) + 𝛿𝛿(𝜈𝜈)]𝛼𝛼 + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸9
∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) + 𝛿𝛿(𝜈𝜈)]𝛼𝛼 

= 1
[2 + 2]𝛼𝛼 |𝐸𝐸4

∗(Ϝ)| + 1
[2 + 3]𝛼𝛼 |𝐸𝐸6

∗(Ϝ)| + 1
[3 + 3]𝛼𝛼 |𝐸𝐸9

∗(Ϝ)|. 

 

(𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣)    𝑚𝑚𝑀𝑀2
𝛼𝛼(Ϝ) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

1
[𝛿𝛿(𝜇𝜇) ⋅ 𝛿𝛿(𝜈𝜈)]𝛼𝛼 = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) ⋅ 𝛿𝛿(𝜈𝜈)]𝛼𝛼 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) ⋅ 𝛿𝛿(𝜈𝜈)]𝛼𝛼 + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸9
∗(Ϝ)

1
[𝛿𝛿(𝜇𝜇) ⋅ 𝛿𝛿(𝜈𝜈)]𝛼𝛼 

= 1
[2 ⋅ 2]𝛼𝛼 |𝐸𝐸4

∗(Ϝ)| + 1
[2 ⋅ 3]𝛼𝛼 |𝐸𝐸6

∗(Ϝ)| + 1
[3 ⋅ 3]𝛼𝛼 |𝐸𝐸9

∗(Ϝ)| .    ◻ 

  

(𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ, 𝑥𝑥) = 𝑥𝑥486𝑘𝑘2−390𝑘𝑘, 
(𝑖𝑖𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ, 𝑥𝑥) = 𝑥𝑥162𝑘𝑘2−114𝑘𝑘, 
(𝑖𝑖𝑖𝑖𝑖𝑖)    𝑃𝑃(Ϝ, 𝑥𝑥) = 6𝑥𝑥16 + 12(𝑘𝑘 − 1)𝑥𝑥35 + (9𝑘𝑘2 − 15𝑘𝑘 + 6)𝑥𝑥54, 

(𝑖𝑖𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ, 𝑥𝑥) = 6𝑥𝑥
1

16 + 12(𝑘𝑘 − 1)𝑥𝑥
1

35 + (9𝑘𝑘2 − 15𝑘𝑘 + 6)𝑥𝑥
1

54, 
(𝑖𝑖)    𝑃𝑃(Ϝ, 𝑥𝑥) = 6𝑥𝑥8 + 12(𝑘𝑘 − 1)𝑥𝑥13 + (9𝑘𝑘2 − 15𝑘𝑘 + 6)𝑥𝑥18, 

(𝑖𝑖𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ, 𝑥𝑥) = 6𝑥𝑥
1
8 + 12(𝑘𝑘 − 1)𝑥𝑥

1
13 + (9𝑘𝑘2 − 15𝑘𝑘 + 6)𝑥𝑥

1
18, 

(𝑖𝑖𝑖𝑖𝑖𝑖)    𝑚𝑚𝑀𝑀1
𝛼𝛼+1(Ϝ, 𝑥𝑥) = 6𝑥𝑥

1
2𝛼𝛼+1 + 12(𝑘𝑘 − 1)𝑥𝑥

1
2𝛼𝛼+3𝛼𝛼 + (9𝑘𝑘2 − 15𝑘𝑘 + 6)𝑥𝑥

1
2×3𝛼𝛼 

(𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖)    𝑚𝑚𝑆𝑆𝑀𝑀1
𝛼𝛼(Ϝ, 𝑥𝑥) = 6𝑥𝑥

1
4𝛼𝛼 + 12(𝑘𝑘 − 1)𝑥𝑥

1
5𝛼𝛼 + (9𝑘𝑘2 − 15𝑘𝑘 + 6)𝑥𝑥

1
6𝛼𝛼, 

(𝑖𝑖𝑥𝑥)    𝑚𝑚𝑀𝑀2
𝛼𝛼(Ϝ, 𝑥𝑥) = 6𝑥𝑥

1
4𝛼𝛼 + 12(𝑘𝑘 − 1)𝑥𝑥

1
6𝛼𝛼 + (9𝑘𝑘2 − 15𝑘𝑘 + 6)𝑥𝑥

1
9𝛼𝛼. 

  

(𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ, 𝑥𝑥) = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ

𝑥𝑥[𝛿𝛿Ϝ
3(𝜇𝜇)+𝛿𝛿Ϝ

3(𝜇𝜇)] = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥[𝛿𝛿Ϝ

3(𝜇𝜇)+𝛿𝛿Ϝ
3(𝜇𝜇)] × ∏

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥[𝛿𝛿Ϝ
3(𝜇𝜇)+𝛿𝛿Ϝ

3(𝜇𝜇)] 

× ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥[𝛿𝛿Ϝ

3(𝜇𝜇)+𝛿𝛿Ϝ
3(𝜇𝜇)] 

= [𝑥𝑥16]|𝐸𝐸4∗(Ϝ)| × [𝑥𝑥35]|𝐸𝐸6
∗(Ϝ)| × [𝑥𝑥54]|𝐸𝐸9

∗(Ϝ)|. 
 

(𝑖𝑖𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ, 𝑥𝑥) = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

𝑥𝑥[𝛿𝛿Ϝ
2(𝜇𝜇)+𝛿𝛿Ϝ

2(𝜇𝜇)] = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥[𝛿𝛿Ϝ

2(𝜇𝜇)+𝛿𝛿Ϝ
2(𝜇𝜇)] × ∏

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥[𝛿𝛿Ϝ
2(𝜇𝜇)+𝛿𝛿Ϝ

2(𝜇𝜇)] 

× ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥[𝛿𝛿Ϝ

2(𝜇𝜇)+𝛿𝛿Ϝ
2(𝜇𝜇)] 

= [𝑥𝑥8]|𝐸𝐸4∗(Ϝ)| × [𝑥𝑥13]|𝐸𝐸6
∗(Ϝ)| × [𝑥𝑥18]|𝐸𝐸9

∗(Ϝ)|. 
 

(𝑖𝑖𝑖𝑖𝑖𝑖)    𝑃𝑃(Ϝ, 𝑥𝑥) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ

𝑥𝑥[𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇)] = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥[𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇)] + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥[𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇)] 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)
𝑥𝑥[𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇)] 

= |𝐸𝐸4
∗(Ϝ)|𝑥𝑥16 + |𝐸𝐸6

∗(Ϝ)|𝑥𝑥35 + |𝐸𝐸9
∗(Ϝ)|𝑥𝑥54. 

 

(𝑖𝑖𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ, 𝑥𝑥) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

𝑥𝑥
1

𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇) + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥
1

𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇) = |𝐸𝐸4

∗(Ϝ)|𝑥𝑥
1

16 + |𝐸𝐸6
∗(Ϝ)|𝑥𝑥

1
35 + |𝐸𝐸9

∗(Ϝ)|𝑥𝑥
1

54. 

 

(𝑖𝑖)    𝑃𝑃(Ϝ, 𝑥𝑥) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ

𝑥𝑥[𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇)] = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥[𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇)] + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥[𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇)] 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)
𝑥𝑥[𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇)] 

= |𝐸𝐸4
∗(Ϝ)|𝑥𝑥8 + |𝐸𝐸6

∗(Ϝ)|𝑥𝑥13 + |𝐸𝐸9
∗(Ϝ)|𝑥𝑥18. 

 

(𝑖𝑖𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ, 𝑥𝑥) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

𝑥𝑥
1

𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇) + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥
1

𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇) = |𝐸𝐸4

∗(Ϝ)|𝑥𝑥
1
8 + |𝐸𝐸6

∗(Ϝ)|𝑥𝑥
1

13 + |𝐸𝐸9
∗(Ϝ)|𝑥𝑥

1
18. 
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(𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ, 𝑥𝑥) = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ

𝑥𝑥[𝛿𝛿Ϝ
3(𝜇𝜇)+𝛿𝛿Ϝ

3(𝜇𝜇)] = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥[𝛿𝛿Ϝ

3(𝜇𝜇)+𝛿𝛿Ϝ
3(𝜇𝜇)] × ∏

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥[𝛿𝛿Ϝ
3(𝜇𝜇)+𝛿𝛿Ϝ

3(𝜇𝜇)] 

× ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥[𝛿𝛿Ϝ

3(𝜇𝜇)+𝛿𝛿Ϝ
3(𝜇𝜇)] 

= [𝑥𝑥16]|𝐸𝐸4∗(Ϝ)| × [𝑥𝑥35]|𝐸𝐸6
∗(Ϝ)| × [𝑥𝑥54]|𝐸𝐸9

∗(Ϝ)|. 
 

(𝑖𝑖𝑖𝑖)    𝑃𝑃𝑃𝑃(Ϝ, 𝑥𝑥) = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

𝑥𝑥[𝛿𝛿Ϝ
2(𝜇𝜇)+𝛿𝛿Ϝ

2(𝜇𝜇)] = ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥[𝛿𝛿Ϝ

2(𝜇𝜇)+𝛿𝛿Ϝ
2(𝜇𝜇)] × ∏

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥[𝛿𝛿Ϝ
2(𝜇𝜇)+𝛿𝛿Ϝ

2(𝜇𝜇)] 

× ∏
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥[𝛿𝛿Ϝ

2(𝜇𝜇)+𝛿𝛿Ϝ
2(𝜇𝜇)] 

= [𝑥𝑥8]|𝐸𝐸4∗(Ϝ)| × [𝑥𝑥13]|𝐸𝐸6
∗(Ϝ)| × [𝑥𝑥18]|𝐸𝐸9

∗(Ϝ)|. 
 

(𝑖𝑖𝑖𝑖𝑖𝑖)    𝑃𝑃(Ϝ, 𝑥𝑥) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ

𝑥𝑥[𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇)] = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥[𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇)] + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥[𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇)] 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)
𝑥𝑥[𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇)] 

= |𝐸𝐸4
∗(Ϝ)|𝑥𝑥16 + |𝐸𝐸6

∗(Ϝ)|𝑥𝑥35 + |𝐸𝐸9
∗(Ϝ)|𝑥𝑥54. 

 

(𝑖𝑖𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ, 𝑥𝑥) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

𝑥𝑥
1

𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇) + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥
1

𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿3(𝜇𝜇)+𝛿𝛿3(𝜇𝜇) = |𝐸𝐸4

∗(Ϝ)|𝑥𝑥
1

16 + |𝐸𝐸6
∗(Ϝ)|𝑥𝑥

1
35 + |𝐸𝐸9

∗(Ϝ)|𝑥𝑥
1

54. 

 

(𝑖𝑖)    𝑃𝑃(Ϝ, 𝑥𝑥) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ

𝑥𝑥[𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇)] = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥[𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇)] + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥[𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇)] 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)
𝑥𝑥[𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇)] 

= |𝐸𝐸4
∗(Ϝ)|𝑥𝑥8 + |𝐸𝐸6

∗(Ϝ)|𝑥𝑥13 + |𝐸𝐸9
∗(Ϝ)|𝑥𝑥18. 

 

(𝑖𝑖𝑖𝑖)    𝑚𝑚𝑃𝑃(Ϝ, 𝑥𝑥) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)

𝑥𝑥
1

𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇) = ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇) + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥
1

𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿2(𝜇𝜇)+𝛿𝛿2(𝜇𝜇) = |𝐸𝐸4

∗(Ϝ)|𝑥𝑥
1
8 + |𝐸𝐸6

∗(Ϝ)|𝑥𝑥
1

13 + |𝐸𝐸9
∗(Ϝ)|𝑥𝑥

1
18. 

 

(𝑣𝑣𝑣𝑣𝑣𝑣)    𝑚𝑚𝑀𝑀1
𝛼𝛼+1(Ϝ, 𝑥𝑥) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)
𝑥𝑥

1
𝛿𝛿𝛼𝛼(𝜇𝜇)+𝛿𝛿𝛼𝛼(𝜇𝜇) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

𝑥𝑥
1

𝛿𝛿𝛼𝛼(𝜇𝜇)+𝛿𝛿𝛼𝛼(𝜇𝜇) + ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿𝛼𝛼(𝜇𝜇)+𝛿𝛿𝛼𝛼(𝜇𝜇) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿𝛼𝛼(𝜇𝜇)+𝛿𝛿𝛼𝛼(𝜇𝜇) = 𝑥𝑥

1
2𝛼𝛼+2𝛼𝛼|𝐸𝐸4

∗(Ϝ)| + 𝑥𝑥
1

2𝛼𝛼+3𝛼𝛼|𝐸𝐸6
∗(Ϝ)| + 𝑥𝑥

1
3𝛼𝛼+3𝛼𝛼|𝐸𝐸9

∗(Ϝ)|. 

 

(𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣)    𝑚𝑚𝑆𝑆𝑀𝑀1
𝛼𝛼(Ϝ, 𝑥𝑥) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)+𝛿𝛿(𝜇𝜇)]𝛼𝛼

= ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)+𝛿𝛿(𝜇𝜇)]𝛼𝛼 + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥
1

[𝛿𝛿(𝜇𝜇)+𝛿𝛿(𝜇𝜇)]𝛼𝛼 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)+𝛿𝛿(𝜇𝜇)]𝛼𝛼 = |𝐸𝐸4

∗(Ϝ)|𝑥𝑥
1

[2+2]𝛼𝛼 + |𝐸𝐸6
∗(Ϝ)|𝑥𝑥

1
[2+3]𝛼𝛼 + |𝐸𝐸9

∗(Ϝ)|𝑥𝑥
1

[3+3]𝛼𝛼. 

 

(𝑣𝑣𝑥𝑥)    𝑚𝑚𝑀𝑀2
𝛼𝛼(Ϝ, 𝑥𝑥) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)⋅𝛿𝛿(𝜇𝜇)]𝛼𝛼 = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

𝑥𝑥
1

[𝛿𝛿(𝜇𝜇)⋅𝛿𝛿(𝜇𝜇)]𝛼𝛼 + ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)⋅𝛿𝛿(𝜇𝜇)]𝛼𝛼 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)⋅𝛿𝛿(𝜇𝜇)]𝛼𝛼 = |𝐸𝐸4

∗(Ϝ)|𝑥𝑥
1

[2⋅2]𝛼𝛼 + |𝐸𝐸6
∗(Ϝ)|𝑥𝑥

1
[2⋅3]𝛼𝛼 + |𝐸𝐸9

∗(Ϝ)|𝑥𝑥
1

[3⋅3]𝛼𝛼. 
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3. Conclusion

The purpose of this paper is to study some well-known indices of a molecular 
structure Hk. Here, we studied Multiplicative Forgotten, Multiplicative 
Yemen, Yemen, modified Yemen, modified Forgotten, generalized modified 
first Zagreb, general modified sum connectivity, and general modified 
product connectivity indices. Furthermore, polynomials of the Benzenoid 
Circumcoronene Series have been computed. In future, these formulas 
attract researchers and those interested to compare the indices and choose 
the most appropriate from an applied perspective.
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(𝑣𝑣𝑣𝑣𝑣𝑣)    𝑚𝑚𝑀𝑀1
𝛼𝛼+1(Ϝ, 𝑥𝑥) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)
𝑥𝑥

1
𝛿𝛿𝛼𝛼(𝜇𝜇)+𝛿𝛿𝛼𝛼(𝜇𝜇) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

𝑥𝑥
1

𝛿𝛿𝛼𝛼(𝜇𝜇)+𝛿𝛿𝛼𝛼(𝜇𝜇) + ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿𝛼𝛼(𝜇𝜇)+𝛿𝛿𝛼𝛼(𝜇𝜇) 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥

1
𝛿𝛿𝛼𝛼(𝜇𝜇)+𝛿𝛿𝛼𝛼(𝜇𝜇) = 𝑥𝑥

1
2𝛼𝛼+2𝛼𝛼|𝐸𝐸4

∗(Ϝ)| + 𝑥𝑥
1

2𝛼𝛼+3𝛼𝛼|𝐸𝐸6
∗(Ϝ)| + 𝑥𝑥

1
3𝛼𝛼+3𝛼𝛼|𝐸𝐸9

∗(Ϝ)|. 

 

(𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣)    𝑚𝑚𝑆𝑆𝑀𝑀1
𝛼𝛼(Ϝ, 𝑥𝑥) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)+𝛿𝛿(𝜇𝜇)]𝛼𝛼

= ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸4

∗(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)+𝛿𝛿(𝜇𝜇)]𝛼𝛼 + ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸6
∗(Ϝ)

𝑥𝑥
1

[𝛿𝛿(𝜇𝜇)+𝛿𝛿(𝜇𝜇)]𝛼𝛼 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)+𝛿𝛿(𝜇𝜇)]𝛼𝛼 = |𝐸𝐸4

∗(Ϝ)|𝑥𝑥
1

[2+2]𝛼𝛼 + |𝐸𝐸6
∗(Ϝ)|𝑥𝑥

1
[2+3]𝛼𝛼 + |𝐸𝐸9

∗(Ϝ)|𝑥𝑥
1

[3+3]𝛼𝛼. 

 

(𝑣𝑣𝑥𝑥)    𝑚𝑚𝑀𝑀2
𝛼𝛼(Ϝ, 𝑥𝑥) = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)⋅𝛿𝛿(𝜇𝜇)]𝛼𝛼 = ∑

𝜇𝜇𝜇𝜇∈𝐸𝐸4
∗(Ϝ)

𝑥𝑥
1

[𝛿𝛿(𝜇𝜇)⋅𝛿𝛿(𝜇𝜇)]𝛼𝛼 + ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸6

∗(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)⋅𝛿𝛿(𝜇𝜇)]𝛼𝛼 

+ ∑
𝜇𝜇𝜇𝜇∈𝐸𝐸9

∗(Ϝ)
𝑥𝑥

1
[𝛿𝛿(𝜇𝜇)⋅𝛿𝛿(𝜇𝜇)]𝛼𝛼 = |𝐸𝐸4

∗(Ϝ)|𝑥𝑥
1

[2⋅2]𝛼𝛼 + |𝐸𝐸6
∗(Ϝ)|𝑥𝑥

1
[2⋅3]𝛼𝛼 + |𝐸𝐸9

∗(Ϝ)|𝑥𝑥
1

[3⋅3]𝛼𝛼. 
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